Abstract-The correct understanding of piston ring/liner lubrication condition has a primary importance in order to improve internal combustion engine efficiency in terms of oil consumption and friction losses. Analytical and numerical investigation of piston ring-pack becomes then a reliable tool for evaluating piston ring/liner interface lubrication mechanism. Main aim of this paper is to examine the effects of technical aspects, such as ring geometry and operating condition on modeling of piston ring/liner lubrication. An analytical model based on lubrication theory under hydrodynamic regime is here presented and discussed. The model can represent a useful tool for designing low friction engine components and it can be applied to develop reliable friction models to predict actual engine output. 
I. INTRODUCTION
Energy costs and increasing environmental concerns lead to develop more efficient internal combustion engines (ICE). One technique to improve engine efficiency and reduce oil consumption and emission is to reduce the friction losses on lubricated surfaces of the engine [1] , [2] .
It is widely recognized that the piston ring-pack is the major contributor to the power losses in reciprocating engines therefore there is a pressing need to have insight into lubrication mechanism of piston ring-pack [3] , [4] . Decreasing piston assembly friction is an important way to improve engine efficiency in terms of oil consumption, emission and fuel consumption. The performance of piston rings in ICE widely received the researcher's attention. Piston rings act as sealing between the liner and the piston and can be considered as slider bearings; relevant literatures [5] , [6] report that the piston ring assembly accounts for 20% to 30% of the total frictional losses, making it imperative for the piston ring tribological performance to be understood thoroughly.
Today, the automotive industries are under great pressure to reduce emissions and increase fuel efficiency; therefore, it is necessary to make a great effort to realize how to design piston rings with better tribological performance. Many factors are related to the tribological behavior of piston ring/liner interface, e.g. the shape of ring face profile, the ring width, the elastic characteristics Manuscript received January 1, 2017; revised April 11, 2017. of the ring, the surface topography and the operating condition [7] . Due to some problems associated with experimental observation, such as high cost of facilities and being time consuming, mathematical modeling becomes reliable tool to study about engine tribological performance. The main aim of mathematical modeling is to describe the different aspects of the real world problems, their interaction, and their dynamics through mathematics. Analytical and numerical investigation of piston ring-pack recently received the attention of researchers to assess the ring/liner interface lubrication mechanism. The modeling of piston rings lubrication characteristics, has primary importance due to two main reasons. The first is to develop analytical tools to assess and understand the contribution of each part in frictional losses in order to direct designers to improve ICE efficiency; the second is to develop reliable engine friction models that can be applied in transient engine simulation to predict the actual engine output.
In the present paper an analytical model of the piston ring/liner lubrication is presented. Since, during engine cycle, piston rings are subjected to hydrodynamic, mixed and boundary lubrication conditions, but they mainly enjoy hydrodynamic lubrication regime, therefore, the model is based on lubrication theory under hydrodynamic regime and takes into the account, the geometry of the ring and operating condition, in the mathematical description of the piston ring/liner lubrication. The presented study is a part of an on-going project that provides a detailed model, in comparison with the two most accepted models [8] , [9] , and clearly describes the procedure to evaluate the piston ring lubrication.
II. THEORETICAL MODEL
The following assumptions were made during the modeling:
 Ring is fully engulfed and there is no cavity within the oil film thickness;  Oil film thickness is circumferentially uniform;  Lubricant is Newtonian and incompressible;  Thermal and elastic deformation of ring and liner are neglected;  Oil viscosity and density are constant. The piston ring is treated as dynamically loaded reciprocating bearing, considering sliding and squeeze action. Reynolds equation has been used as governing equation to estimate the generated hydrodynamic pressure in piston ring/liner interface [10] . The main purpose of a compression ring is to act as a gas seal for the combustion chamber and prevent leakage. Piston ring undergoes pressure-loading variation throughout the engine cycle. The rings are manufactured with a small elastic force to push the ring against the liner; the gas pressure acting on the inner face of the ring substantially enhances the ring elastic force. It is assumed that a thin oil film separates the compression rings from the liner and thus Reynolds equation can be used to determine the film thickness throughout the engine cycle [8] .
It is well known that lubrication mechanism of loaded rolling/sliding bodies can be classified into three categories: hydrodynamic, boundary and mixed lubrication. In the full film lubrication (hydrodynamic lubrication), the lubricant film is sufficient thick to sustain the load and asperity contact is negligible. Boundary lubrication deals with the condition that lubricant thickness is thin and the load is supported mainly or completely with asperity contacts. Mixed lubrication is the transition region between the two previous mentioned lubrication regimes and refers to a condition in which the load is sustained with lubricant film and asperity contacts. Mixed lubrication occurs when the load is high, speed or viscosity is low, due to high temperature [11] .
For the piston ring lubrication analysis and to solve the Reynolds equation, it is necessary to determine the ring face shape, the piston ring sliding speed, the cyclic variation of piston ring loading and the oil viscosity. In the present model the ring was considered stationary and the liner is sliding in opposite direction to determine the coordinate points of lubricant and ring face contact on ring face axially. Considering an axisymmetric condition between piston and liner, the one-dimensional Reynolds equation can be applied to examine the piston ring/liner interface lubrication:
where h is nominal oil film thickness (m), x the spatial coordinate (m) along the cylinder axis, t time (s), p mean hydrodynamic pressure (Pa), η oil viscosity (Pa· s), and U instantaneous piston velocity (m/s).
During the engine operating cycle, ring lift may occur in the piston groove to satisfy the force balance. Due to negligible axial movement of the ring in the groove, the same speed of the piston was considered for the ring. Referring to a centered crank mechanism layout, the ring velocity is: (2) where R is crank radius (m), ω crankshaft angular velocity (rad/s), θ the crank angle (rad), and L the connecting rod length (m).
It is recognized that any shape of the ring face after running-in time undergoes wear and becomes parabolic [9] , as shown in Fig. 1 . A generic parabolic ring face profile can be expressed as: (3) where c is the ring crown height (m), b the ring width (m), and o the ring face offset from the center of the ring (m). If the ring face offset is toward the combustion chamber, o is positive, otherwise it is negative.
As the minimum oil film thickness is a function of time, h min = h min (t) , the variation of the nominal oil film thickness with respect to time and ring face profile can be expressed as a function of position (x) and time (t):
Considering a null ring face offset (o= 0), (4) becomes:
where B is the curvature of the ring profile (m-1).
Substituting (5) in (1) and integrating two times with respect to x, the hydrodynamic pressure is: ¶ ¶x h 3 ¶p ¶x ae è ç ö ø ÷ = -6hU ¶h ¶x +12h ¶h ¶t
where I 0 (-x) = -I 0 (x) , I 1 (-x) = I 1 (x), I 2 (-x) = -I 2 (x) and:
Three different scenarios can be considered during the analytical modeling of lubrication mechanism between ring face and liner; these scenarios are classified on the basis of the considered boundary conditions and assumptions. In the first one ( Fig. 2(a) , fully flooded condition) it is assumed that a sufficient oil quantity is available on the liner and the oil covers the entire ring face. Moreover, there is no cavitation and oil film rupture within lubricant film. In the second one (Fig. 2(b) , starvation condition) the oil partially covers the ring face and some areas of the ring face are exposed to the gas. In this case, the load imposed by the gas behind the ring and the ring tension (stiffness) are sustained by the generated hydrodynamic pressure and the boundary gas pressures acting on the uncovered part of the ring face. In the last one (Fig. 2(c) , cavitation condition) cavitation in a fluid that is recognized as the formation of dissolved gas bubbles within lubricant film due to that oil cannot sustain large and continuous negative pressure. This situation is often took place if the mechanical components in relative motion, are separated by a lubricant film, such as journal bearings and piston ringliner conjunction. In the piston ring-liner interface, cavitation is caused by sudden reduction in lubricant pressure at the diverging part of the ring face that results in transition of oil from liquid form to gas-liquid mixture [12] , [13] .
Different boundary conditions can be applied to consider oil starvation (when oil is not sufficient to cover the ring face), gas cavitation (when dissolved gas cavity or cavities appear within the oil film), and fully flooded condition (when oil covers completely the ring face). The simplest solution to determine the integration constants C and D of (6) is obtained excluding the cavitation condition and assuming that there is no oil film rupture (therefore also the starvation condition is excluded). The only boundary conditions are then the gas pressure at inlet and outlet, so-called fully flooded condition is represented in Fig. 3 .
Therefore for the first compression ring in upward stroke, the pressure acting on leading edge is the combustion chamber pressure and the pressure on trailing edge is the gas pressure between first and second compression rings. Fig. 4 shows the hydrodynamic pressure distribution on the face of the piston ring, considering fully flooded boundary conditions during downward and upward stroke. 
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downward stroke of the piston;  p = p 1 @ x = -b 2 = -a and p = p 2 @ x = 0 , during upward stroke of the piston. Substituting the boundary conditions in (6), the integration constants C and D for upward and downward stroke can be written as reported from (7) to (10) . Referring to Fig. 3 , the resultant force F ring,gas contributed by the ring elasticity and the gas pressure behind the ring is:
where p ring is the ring elastic pressure (Pa), p gas the gas pressure (Pa) behind the ring (note that p gas = p 1 if p 1 > p 2 , and p gas = p 2 if p 1 < p 2 ), T the ring tangential force (N), and D the cylinder bore diameter (m). F oil , hydrodynamic force per unit length (N/m) exerted by the oil on the ring face, is different in upward and downward stroke due to cyclic variation of loads and pressure:
Since the problem has to be solved in quasi-steadystate condition, F ring,gas must be equal to F oil at any time instant, i.e. at any crank angle.
The integration of (12) and (13) can be analytically solved obtaining:
where
and: 
( )
Combining (12) and (13) with (14) it follows:
III. SOLUTION METHODOLOGY
The well-established method applied to calculate the cyclic variation of oil film thickness in piston ring/liner interface is to consider the radial velocity of the ring dh dq and the minimum oil film thickness h m in , at selected increments of the crank angle such that loads acting on piston ring and reaction force experience radial equilibrium throughout the engine cycle. This encourages the march out a solution from any assumed starting condition [14] .
Combining (15) with (11) and (16) with (11) in upward and downward stroke respectively, both dh dq and h min are unknowns. Oil film thickness variation with respect to crank angle variation or radial velocity of the ring dh dq can be calculated if an estimation of h min is available with respect to a some crank angle, at which the oil film thickness can be expected to change only slightly. Starting at mid-stroke position, assumed q i-1 as value of current crank angle, and neglecting dh dq , the h min estimation can be made; at subsequent crank angle q i , this h min estimation is used to calculate the value of dh dq. Now, by knowing h min at previous crank angle and dh dqat current crank angle q i , h min can be updated:
where Dq is the crank angle increment (rad). Based on the calculated minimum oil film thickness and knowing the roughness of ring and liner surfaces it is possible to identify the existing lubrication mechanism. In hydrodynamic lubrication condition, a sufficient quantity of oil is available to separate the ring face and the liner surfaces, such that there is no asperity contact between them. The transition from pure hydrodynamic lubrication to mixed lubrication occurs [15] when the following criteria is met: where Ra ring and Ra liner are respectively the roughness of the ring face and the liner internal surface (m). Fig. 5 illustrates the numerical procedure to calculate the minimum oil film thickness.
IV. CONCLUSION
An analytical model of piston ring/liner lubrication under hydrodynamic condition is presented. The ring is treated as a dynamically loaded reciprocating bearing, considering sliding and squeeze actions. Reynolds and load equilibrium equations are used as governing laws. The effect of the ring geometry and operating condition are taken into account. The numerical solution methodology to solve Reynolds equation and force equilibrium is also presented.
